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We address the problem of control of spatially distributed processes in the presence of measurement constraints.
Specifically, we assume the availability of sensors that measure part of the state spatial profile. The measurements are
utilized for the derivation and on-demand update of reduced order models (ROM) based on an extension of the adaptive
proper orthogonal decomposition (APOD) method using a snapshot reconstruction technique. The proposed Gappy-APOD
methodology constructs locally accurate low-dimensional ROM thus resulting in a computationally efficient alternative to
using a large-dimensional ROM with global validity. Based on the low-dimensional ROM and continuous measurements
available from point sensors a Lyapunov-based static output feedback controller is subsequently designed. The proposed
controller design method is illustrated on an unstable process modeled by the Kuramoto-Sivashinsky equation, when the
designed controller successfully stabilizes the process even in the presence of model uncertainty.VVC 2012 American Institute

of Chemical Engineers AIChE J, 59: 747–760, 2013
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Introduction

Over the last 20 years there has been increasing focus on
analysis and control of processes that exhibit a spatial varia-
tions. The research activity in this area has been motivated
by a wealth of industrially important processes (e.g., chemi-
cal vapor deposition and etching, catalytic reaction and poly-
merization processes), which exhibit significant spatial varia-
tions due to the presence of strong diffusive and convective
mechanisms. Such distributed chemical processes can be
mathematically described by parabolic partial differential
equations (PDEs). The long-term dynamic behavior of para-
bolic PDEs is characterized by a finite-number of degrees of
freedom.1 This implies that the dynamic behavior of such
chemical processes can be approximately described by finite-
dimensional reduced order models (ROMs). As a result,
some approaches design controllers for linear distributed
processes using modal decomposition techniques retaining fi-
nite number of modes in the ROM2 while others have
focussed on balanced truncation techniques.3 The impact of
neglected modes (especially for hyperbolic PDEs) on the sta-
bility of designed controller was also analyzed.4 In another
approach, the concept of approximate inertial manifold5,6

was used, leading to low-order ROMs that accurately
describe parabolic PDEs. The resulting ROMs were subse-
quently used for designing nonlinear controllers.7–9

However, the above approaches for the formulation of the
reduced order model cannot be directly applied to systems
which have nonlinear spatial differential operators or to
problems defined over irregular spatial domains, since the
eigenvalue-eigenfunction problem of the spatial operator for
these systems cannot be analytically solved in general; it is,
thus, difficult to derive the basis functions to expand the so-
lution of the PDE systems. To overcome this limitation
researchers have focused on data-driven methods, wherein
data obtained from the system is used to obtain the required
empirical basis functions. One such data-driven method,
known as the method of snapshots was proposed by Siro-
vich,10,11 based on Karhunen-Loève expansions (KLE) (also
known as proper orthogonal decomposition (POD)). This
method has been extensively utilized to ‘‘empirically’’ com-
pute the basis functions using an ensemble of solution data
obtained either through experimental observations or from
detailed numerical simulations. It has also been profusely
used in model reduction12–14 and control15–19 of distributed
processes.

The main limitation of the above ROM construction
approach using POD lies on the ad-hoc nature of the data-
driven order reduction step, requiring that a representative
ensemble of solutions exists for the process to be properly
discretised. Since no well-defined methodology exists for
generating such an ensemble the problem is usually
addressed through extensive simulations, thus increasing the
computational cost of the existing methods. We have
recently presented an adaptive POD methodology (APOD) to
alleviate the requirement for the representative ensemble by
recursively updating the basis functions in a computationally
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efficient way.20,21 APOD was explicitly designed to effi-
ciently utilize the snapshots obtained during closed-loop pro-
cess evolution as opposed to all other KLE-based reduction
approaches that are based on open-loop snapshots. These
closed-loop snapshots and the resulting ROM account for the
impact of the controller functional form on the process. The
APOD methodology was subsequently used for the design
for state and output feedback controllers. This approach,
however, requires either continuous availability or periodic
availability of full state measurement sensors. The availabil-
ity of such full state measurements is usually restricted due
to limited availability of sensors.

In this work, we relax the necessity for complete state
measurements by requiring that periodically partial state
measurements are available. These partial measurements are
first reconstructed using gappy POD.22 The reconstructed
measurements are then utilized in APOD for updating the
ROM. An output feedback controller is then designed based
on continuous point measurements available from a re-
stricted number of sensors. The proposed methodology is
applied to address the problem of stabilization of a system
modeled by Kuramoto-Sivashinsky equation.

Mathematical Formulation

We focus on designing output feedback controllers for
highly dissipative PDEs (HDPDEs) (in the sense of Assump-
tion 1) described by the following state-space system

@�x
@t

¼ Lð�xÞ þ bðzÞuþ f ð�xÞ
yc ¼

R
X cðzÞ�xdz

ym ¼
R
X smðzÞ�xdz

yr ¼ srðz; tÞ�x

(1)

subject to mixed-type boundary conditions

q �x;
d�x

dg
;…;

dno�1�x

dgno�1

� �
¼ 0 on C (2)

and the following initial condition

�xðz; 0Þ ¼ �x0ðzÞ (3)

where �xðz; tÞ 2 Rn denotes the vector of state variables,

z ¼ ½z1; z2; z3� 2 X � R3 is the vector of spatial coordinates,

u 2 Rl denotes the vector of manipulated inputs; X is the
domain of definition of the process and C is its boundary.

yc 2 Rl denotes the vector of controlled outputs and ym 2 Rp

and yr denote the vectors of measured outputs for control and
state reconstruction respectively. Lð�xÞ is an n0 order
dissipative, possibly nonlinear, self-adjoint spatial differential
operator which includes higher-order spatial derivatives, f ð�xÞ
is a nonlinear vector function, qð�x; d�xdg ;…; d

no�1�x
dgno�1Þ is a nonlinear

vector function, which is assumed to be sufficiently smooth,

d�x
dg

���
C

denotes the derivative in the direction perpendicular to the

boundary and �x0ðzÞ is the initial condition. bðzÞ 2 Rl is a
known matrix function of z of the form b1 zð Þb2 zð Þ � � � bl zð Þ½ �,
where bi(z) describes how the ith control action ui(t) is
distributed in the spatial domain X, and c(z) is a known vector
function of z which is determined by the desired performance
specifications in the domain X. We note that in the case of
point actuation which influences the system at z0 (i.e., bi(z) is

equal to d(z � z0) where d(�) is the standard Dirac function),
we approximate function d(z � z0) by a boxcar function with a
finite value of 1=2ê in the interval ½z0 � ê; z0 þ ê� (where ê is a
small positive real number) and zero elsewhere in the domain
X.

An important component of this work is the sensors used.
We assume the availability of two sets of measurements: (1)
periodic (partial) snapshot measurements, yr and (2) continu-
ous measurements, ym. The periodic measurements, yr, are
sampled at time instants ti ¼ t0 þ Di, where i ¼ 0; 1; 2; � � �
and D is the sampling time. These measurements will be uti-
lized during the formulation & update of the ROM for the
above system of Eq. 1 and provide partial information of the
state profile. The continuous measurements, ym, are utilized
in the design and operation of the designed output feedback
controller. Note that yr is a profile while ym is a vector vari-
able. sr(z, t) and sm(z) are the sensor shape functions corre-
sponding to yr and ym, respectively. Without loss of general-
ity, we consider the one-dimensional case; the sensor shape
distribution for the periodic measurements, yr, is expressed
as a finite sum of boxcar functions

srðz; tiÞ ¼
PNf

j¼1 Bðz; bjðtiÞ; cjðtiÞÞ
Bðz; bjðtiÞ; cjðtiÞÞ ¼ Hðz� bjðtiÞÞ � Hðz� cjðtiÞÞ

(4)

where bj(ti) & cj(ti) represent the boundaries of the boxcar
function at time instant ti, Nf is a finite number and H(�) is the
standard Heaviside function. We assume that over time the
whole spatial domain is ‘‘covered’’ by the sensor measure-
ments, yr. In contrast, for the continuous point measurements,
ym, we consider the most restrictive case wherein the
corresponding sensor shape function is given by the dirac
function sm(z) ¼ d(z � zi).

The PDE system of Eq. 1 can be recast as an infinite-
dimensional system in the Hilbert space HðX;RnÞ, the space
of n-dimensional vector functions defined on X that satisfy
the boundary conditions in Eq. 2.

H ¼ x 2 L2½X;Rn�; q x;
dx

dg
;…;

dno�1x

dgno�1

� �
¼ 0 on C

� �
(5)

We define the inner product and norm in H as follows

ð/1;/2Þ ¼
Z
X
/�

1ðzÞ/2ðzÞdz; jj/1jj2 ¼ ð/1;/1Þ1=2
(6)

where /1;/2 2 H½X;Rn�. Defining the state function x on H
as xðtÞ ¼ �xðz; tÞ, t > 0, z 2 X, the operator A in H½X;Rn� as
AðxÞ ¼ Lð�xÞ, the input, controlled output and measured output
operators as Bu ¼ bu, Cx ¼ ðc; xÞ, Smx ¼ ðsm; xÞ, Srx ¼ srx,
the system of Eqs. 1–3 acquires the following form in the
Hilbert space, H

_x ¼ AðxÞ þ Buþ f ðxÞ; xð0Þ ¼ x0

yc ¼ Cx; ym ¼ Smx; yr ¼ Srx
(7)

w h e r e f ðxÞ ¼ f ð�xðz; tÞÞ, ym 2 Rp, yr 2 H½X;Rn�, a n d
x0 ¼ �x0ðzÞ.

Assumption 1. The long-term dynamics of the PDE sys-
tem of Eqs. 1–3 are finite-dimensional in a sense that the
state x of the above system can be accurately described by a
finite number of degrees of freedom. Thus, in principle, a fi-
nite number of appropriately chosen basis functions of H
are sufficient to describe the long term behavior of x.
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Furthermore, the state modes x can be partitioned into a fi-
nite number of slow and possibly unstable modes and an in-
finite number of stable and fast modes and there is a time-
scale separation between their dynamic behavior.

Remark 1 Highly dissipative systems are exemplified by
second-order parabolic PDE systems9 that naturally arise in
chemical engineering modeling. In general, physical phe-
nomena that are described by HDPDEs include conduction
during heat propagation, mass transfer under diffusion,
instabilities in laminar flame fronts, phase dynamics in reac-
tion-diffusion systems, and fluid film thickness during lami-
nar flow on inclines. The proposed APOD methodology is
applicable to processes described by HDPDEs,20 such as
vapor deposition and etching for LCD and microelectronics
production, and the tin float bath process for flat glass
production.

Methodology

In this section, we will design the output feedback control-
lers for Eqs. 1–3 using the partial measurements and the
APOD methodology. First, the available off-line (partial)
process data in the representative ensemble is reconstructed
using the gappy reconstruction procedure. These recon-
structed off-line snapshots are first utilized to compute em-
pirical basis functions. These basis functions are then used
in Galerkins method to construct a reduced order model
(ROM) for the above system. As the accuracy of a ROM
constructed using the representative ensemble cannot be
guaranteed globally, the design of controllers using such
‘‘global’’ ROM would be suspect. Consequently, we design
the controller using a low-dimensional locally-valid ROM
that has a small region validity (in the entire state space).
The validity of this local ROM is extended (in a computa-
tionally efficient way) by periodically updating it using the
reconstructed snapshots in APOD. The updated ROM along
with continuous point measurements are later used to update
the nonlinear static output feedback controllers and to stabi-
lize the closed-loop system. In the next subsections we will
first focus on the various individual steps involved in the
procedure; at the end of this section we will combine the
different steps and present the overall methodology.

Gappy reconstruction

The gappy reconstruction procedure22 is utilized to recon-
struct both the off-line snapshots {vk}

N
k¼1 and the online snap-

shots that become available during closed-loop process evolu-
tion. We first review this reconstruction procedure for the
case of online snapshot reconstruction where the off-line
snapshots are completely available followed by the situation
wherein the off-line snapshots are incomplete, in the sense
that certain part of the spatial domain solution is unavailable.

Complete Off-Line Snapshots. Let VC ¼ {vk}
N
k¼1 be the

collection of N snapshots, where vk denotes the snapshot of
the system state available at time tk, i.e., vk ¼ �xðz; tkÞ. Each
snapshot, �xðz; tkÞ, is the spatial profiles of the system states

at a particular time instant, tk. Let {/}Ni¼1 be the global basis

functions computed by solving the following eigenvalue
problem of the covariance matrix CN

20 and using the method
of snapshots11 on the snapshot set VC. We assume that out
of the N basis functions of CN, w have the corresponding
eigenvalues which capture e percent of the energy of the en-

semble, VC, i.e.,
Pw

i¼1 ki=
PN

i¼1 ki � e
100

where ki is the ith

eigenvalue of the covariance matrix CN and e is a user

defined parameter. The incompleteness of the online data is
usually characterized by mask functions. In a particular
snapshot the associated mask function identifies the loca-
tion of both the missing and the available data. In our
application the sensor shape function defined in section
plays the role of a mask function, i.e., s(z, ti) ¼ 0 if data is
missing, else s(z, ti) ¼ 1.

Without loss of generality, let vNþ1 be the online snapshot
that needs to be reconstructed. Assuming that this snapshot
can be characterized by the existing snapshot set, this is
achieved by first computing an intermediate snapshot. The
intermediate snapshot can be represented in terms of w basis
functions (w � N) as follows

~vNþ1 �
Xw
i¼1

ebi/i (8)

To compute the POD coefficients ebi, we minimize the fol-
lowing least-square criterion. The error that needs to be
minimized is defined as jjvNþ1 � ~vNþ1jj2g.

The ‘‘gappy’’ norm used in the above expression is
defined based on the following inner product definition

ð/; vNþ1Þg ¼ ð/; sðz; tNþ1ÞvNþ1Þ; jjvNþ1jjg ¼ ðvNþ1; vNþ1Þ1=2
g

(9)

where s(z, tNþ1) is the mask function for the N þ 1th snapshot,
vNþ1. Minimization of the above least-square criterion leads to
the following set of linear equations

M~b ¼ f (10)

where the (i, j)th element of the matrix M is given by

Mij ¼ ð/i;/jÞg (11)

and

fi ¼ ð/i; vNþ1Þg (12)

The intermediate snapshot ~vNþ1 is obtained by solving the
linear system Eq. 10 for ~b and substituting ~b in Eq. 8. The
snapshot, vNþ1 is then reconstructed by replacing the missing
data by the corresponding intermediate snapshot, i.e.,
vNþ1 ¼ ~vNþ1 if sr(z, tNþ1) ¼ 0.

vNþ1ðzÞ ¼
vNþ1ðzÞ if srðz; tkÞ 6¼ 0

~vNþ1ðzÞ if srðz; tkÞ ¼ 0

�
(13)

Note that when we have a complete off-line ensemble of
snapshots, the entire reconstruction is achieved at one step
and is not iterative.

Incomplete Off-Line Snapshots. When the off-line snap-
shots are also not completely known, an iterative reconstruc-
tion procedure can be used to obtain the empirical basis
functions. Let VIC ¼ {vk}

N
k¼1, be the ensemble of incomplete

snapshots along with an associated ensemble of masks {s(z,
tk)}

N
k¼1. The masks can in general be generated randomly as

considered in.22,23 In this work, we confer a time-varying de-
pendence to the masks such that over time the whole spatial
domain is ‘‘covered’’ by the sensors. The iterative procedure
consists of the following steps:
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1. The first guess for the snapshot set is obtained by
replacing the missing data in the off-line snapshots using
smooth spline functions. Note that we avoid any bias due to
the initial guess by carefully choosing the spline functions
such that its average (over the regions where data is missing)
matches the ensemble time average.

2. Use the standard POD technique to obtain the basis
functions f/l

kg
wl

k¼1 for the current iteration {l}.
3. Reconstruct all the snapshots in the snapshot set, VIC,

by using wl basis functions using the methodology for com-
plete off-line snapshots described in the above section (wl �
N; choice of wl depends on the desired accuracy). The inter-
mediate snapshot set thus generated is represented by the
snapshot set f~vkgNk¼1.

4. The missing data in the snapshot set are now replaced
with the reconstructed data i.e.

vlkðzÞ ¼
vlkðzÞ if srðz; tkÞ 6¼ 0

~vlkðzÞ if srðz; tkÞ ¼ 0

�
(14)

or

vkkðzÞ ¼ ~vlkðzÞð1 � srðz; tkÞÞ þ vlkðzÞsrðz; tkÞ

where k ¼ 1 � � �N.
5. The iterative procedure terminates once the eigenval-

ues computed by POD converge, i.e.

max
i¼1���w

jklþ1
i � klij\eg (15)

where kli is the ith eigenvalue of the covariance matrix CN at
the lth iteration and eg is a user defined convergence thresh-
old. If the above criteria is not satisfied then we set l ¼ l þ
1 and go to step 2.

Remark 2 Note that the convergence of the above recon-
struction procedure depends on the quality of the initial
guess. Consequently, during the initial iterations, the use of
a large number of basis functions that capture a significant
amount of energy of the snapshot set will result in significant
errors in the reconstructed ensemble as the initial basis
functions are inaccurate. To avoid this, during the initial
iterations less energy is captured which subsequently
increases. In the application section of this work for exam-
ple, we used basis functions which capture 99% of energy
for (l � 5); subsequently for l [ 5 a higher energy of
99.99% was utilized for better accuracy. Converged results
from the previous iterations are used during subsequent iter-
ations. The above strategy significantly improves the conver-
gence and accuracy of the iteration procedure; it also ren-
ders the methodology robust to initialization errors. A
deeper discussion on the robustness of the off-line procedure
to initialization errors can be found in.24

Remark 3 In step 1 of the above methodology, we use
splines as an initial guess to replace the missing data as
opposed to using a discontinuous time average.22,23 The
application of splines considerably improved the conver-
gence of the above iterations as the initial basis functions
are not discontinuous.

Remark 4 Note that in step 4 of the above procedure, we
use the intermediate repaired snapshot to fill in the gaps of
the missing data (see Eq. 14). As a result, the reconstructed
snapshots will contain discontinuities at the boundaries
between missing data and available data. These discontinu-
ities arise due to the inherent errors associated with the
gappy reconstruction procedure. Thus, when the gappy

reconstruction procedure is utilized for design of online
feedback controllers these discontinuities need to be moni-
tored and even smoothened (appropriately to retain ortho-
gonality) as they may potentially introduce large numerical
errors when we compute spatial derivatives.

Adaptive proper orthogonal decomposition

The gappy reconstruction procedure as presented in the
previous section assumes that the snapshot to be recon-
structed can be characterized by the existing snapshot set.
This assumption in the realm of process control of
distributed systems necessitates the a priori availability of a
sufficiently large representative ensemble of PDE solution
data in which all the possible spatial modes (especially
including those that might appear in closed-loop evolution of
the system in Eqs. 1–3) are excited and their long term
behavior is also approximately captured. This is necessary to
ensure that the resulting basis functions capture the global
dynamics of the system and consequently gappy POD could
be used, reliably, for the reconstruction of snapshots that
may appear during the closed-loop process evolution.

The ROM computed using such representative ensemble
of snapshots would be valid over the entire operational
space, as the system passes through different regions of the
state space during its closed-loop evolution. However, such
ROMs tend to be of larger dimensionality and consequently
implementing real-time feedback controllers using such
ROMs is computationally demanding. In contrast, ROMs
which are valid over a small operational region tend to be
computationally efficient, however the validity of such mod-
els is limited to the region of the state space around which
they are computed. To address both the validity and compu-
tational efficiency aspects of ROMs we now present an effi-
cient algorithm called the adaptive proper orthogonal decom-
position (APOD)20,21 that allows for construction and recur-
sive update of the ROM, as the new closed-loop
measurements from the process become available. APOD
allows us to use a locally valid ROM since it provides a com-
putationally efficient way for updating the ROM on-demand
and assures its validity over the current operational space. We
now briefly present the prominent features of APOD. This
methodology consists of the following three steps:

Initial Basis Construction. We initially use a collection
of M (M � N) off-line data snapshots, {vk}

M
k¼1, to construct

the initial local basis for Eqs. 1–3. Note that these M data
snapshots cover a small operational space, consequently the
basis computed using these snapshots may have a small
region of validity. We first construct the covariance matrix
CM then solve the following eigenvalue-eigenvector problem20

CMw ¼ kw

to compute M eigenvalues. We partition the eigenspace of the
covariance matrix, CM, into two subspaces; the dominant one
containing the modes which capture at least e percent of
energy in the ensemble (denoted as P) and the orthogonal
complement to P containing the rest of the modes (denoted as
Q). By definition such a separation exists for dissipative
processes and a finite number of modes belongs in P, owing to
the elliptic nature of the spatial differential operator1

(assumption 1). Note that we define e as the percentage
energy of the ensemble captured by dominant basis functions.

We assume that out of M possible eigenvectors of CM, ~w
ð~w\wÞ have the corresponding eigenvalues such that
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P ~w
i¼1 ki=

PM
i¼1 ki � e

100
; ~w eigenmodes of CM capture e per-

cent of energy in the ensemble. These eigenvectors are then
used in the following equation

/iðzÞ ¼
XM
k¼1

wk
i vkðzÞ; i ¼ 1; :::; ~w

to compute ~w basis functions; here /i represents the ith
eigenfunction and wk

i is the kth element of the ith eigenvector
of CM. An orthonormal basis for the subspace P can be
obtained as

Z ¼ ½w1;w2;…;w~w�; Z 2 RM�~w (16)

where w1;w2;…;w~w denote the eigenvectors of CM that
correspond to the eigenvalues k1; k2;…; k~w. Note that the basis
functions computed by these eigenvectors capture the
dominant dynamics of the PDE system of Eqs. 1–3. The
orthogonal projection operators P and Q onto subspaces P and
Q can be computed as

P ¼ ZZT ; Q ¼ I � ZZT (17)

where I denotes the identity matrix of dimension M.
Derivation of Reduced Order Model. In this section, we

derive a locally valid ROM of the system of Eq. 7 using
the above local basis functions. Using assumption 1, the
Hilbert space H is partitioned into two subspaces Hs & Hf ,
respectively. Hs includes the slow evolving modes whereas
Hf includes fast evolving stable process modes. From the
assumption Hf is an infinite-dimensional subspace, while
Hs is a finite-dimensional one. Clearly, H ¼ Hs 	Hf .
Defining orthogonal projection operator Q the state
x 2 HðXÞ can be decomposed as xs ¼ Px 2 Hs and
xf ¼ Qx 2 Hf . The state x of the system of Eq. 7 now can
be expressed as

x ¼ xs þ xf ¼ PxþQx (18)

Applying projection operators P and Q to the system of
Eq. 7 and using the above decomposition of x the system of
Eq. 7 can be equivalently expressed as

dxs
dt ¼ Asðxs; xf Þ þ Bsuþ fsðxs; xf Þ
@xf
@t

¼ Af ðxs; xf Þ þ Bf uþ ff ðxs; xf Þ
yc ¼ Cxs þ Cxf ; ym ¼ Smxs þ Smxf

xsð0Þ ¼ Pxð0Þ ¼ Px0; xf ð0Þ ¼ Qxð0Þ ¼ Qx0

(19)

w h e r e As ¼ PAðxs þ xf Þ, Bs ¼ PB, fs ¼ Pf ,
Af ¼ QAðxs þ xf Þ, Bf ¼ QB, and ff ¼ Qf and the notation
qxf/qt is used to denote that the state xf belongs in an infinite-
dimensional subspace (Hf ).

Using singular perturbation arguments for infinite-dimen-
sional systems,9 we neglect the infinite-dimensional fast and
stable xf subsystem in Eq. 19. The following ~w -dimensional
xs subsystem is obtained

dxs
dt ¼ Asðxs; 0Þ þ Bsuþ fsðxs; 0Þ

ycs ¼ Cxs; yms ¼ Smxs
xf 
 0

(20)

where the subscript s in ycs and yms indicates that these outputs
are associated with the xs subsystem. Under the assumptions

already stated, the finite-dimensional system is an accurate
approximation of the dominant dynamics of the infinite-
dimensional system of Eq. 7.

Note that we use the basis functions, /, computed in the
previous section to define the subspaces Hs and Hf , i.e.,
Hs ¼ spanf/1;/2;…;/~wg and Hf ¼ H nHs. In order to
ensure the validity of the decomposition the following
assumption is made:

Assumption 2 Subspace P 2 H defined as
P ¼ spanf/1;/2;…;/~wg, where / are basis functions iden-
tified via the APOD methodology using the covariance ma-
trix CM, appropriately captures the Hs subspace, i.e.,
Hs � P.

As the basis functions, /, have a small range of validity,
the ROM (Eq. 20) computed using them may not remain
valid during the course of closed-loop process evolution. To
avoid this situation we periodically update the basis func-
tions, /, when necessary using APOD thus extending the
ROMs validity over the current operational space.

Online Recursive Update of ROM. We update the locally
valid ROM in Eq. 20, using periodic closed-loop snapshots
yr. Initially, we reconstruct these snapshots using the gappy
reconstruction procedure in section. These reconstructed
snapshots are then utilized to recursively update the ortho-
normal basis for the dominant subspace P. This is achieved
by either increasing or decreasing the size of the basis if
required and by maintaining the accuracy of basis. The extra
work required for the above process is small as long as the
dimension of P is small. We then update the ROM in Eq.
24 using these updated basis functions. This step assures that
during the closed-loop operation the ROM captures new
trends that appear when the process traverses through previ-
ously unsampled regions in state space.

The algorithm outlined below computes an approximation
to Z thus avoiding the need for resolving the eigenvalue-
eigenvector problem of the covariance matrix, CM. To sim-
plify the algorithm we also assume that the dimensionality
of the covariance matrix CM remains constant. This is
achieved by discarding the oldest snapshot from the ensem-
ble as a new one is obtained. As a new snapshot from the
process becomes available, the subspace P may change in
the following three ways:

1. Increase in the dimensionality: During the course of
process evolution one mode from Q may become dominant
and, thus, would be necessary to be included in subspace P
to capture the desired percentage of energy in the ensemble.
This situation is ascertained by monitoring the contribution
of the dominant eigenvalue of cq ¼ QCMQ, namely k~wþ1

towards the total energy of the ensemble, i.e., n ¼ k~wþ1P~wþ1

i¼1
ki

. If

n increases to more than (100 � e) percent we append Z, the
basis of subspace P, with the corresponding eigenvector
associated with k~wþ1.

2. Decrease in dimensionality: During the course of pro-
cess evolution some of the eigenmodes of the subspace P
may no longer be necessary to capture the desired e percent
of the energy. In this case the dimensionality of the basis Z
is updated by decreasing it. To test this the following ~w� ~w
matrix H ¼ ZTCMZ is introduced. If only ŵ, with ŵ\ ~w,
eigenvalues of H are dominant then the basis Z is updated
and its dimension is simultaneously decreased.

3. Maintaining the accuracy: Even though the dimension-
ality of P remains unchanged, the basis Z is updated (when-
ever the current basis is not accurate) to maintain the
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accuracy of the basis. If after analyzing the accuracy of the
current basis it is necessary to update the basis, the follow-
ing one step power iteration Z ¼ orth (CMZ) is executed.

A flow chart illustrating the above steps is presented in
Figure 1. The detailed explanations for the above steps can
be found elsewhere.21 Based on the new values of Z, we
then compute the revised basis functions /1;/2;…;/~w as a
linear combination of the snapshots given by the following
equation

/iðzÞ ¼
PM
k¼1

wk
i vkðzÞ; i ¼ 1; :::; ~w (21)

where wk
i denotes the kth element of vector wi. These updated

basis functions are then utilized to update the ROM of Eq.20.
In between the periodic updates of ROM, we assume that the
updated ROM computed in Eq. 20 remains a valid representa-
tion of the original system in Eq. 7. The periodic updates
guarantee that the assumption 2 remains valid for the duration
of the closed-loop operation.

Complete closed-loop methodology

The complete closed-loop methodology, illustrating its dif-
ferent steps, is presented in Figure 2. We initially reconstruct
the available (M) off-line data snapshots using the gappy
reconstruction procedure off-line. These reconstructed snap-
shots are then used in the off-line step of APOD to construct
an initial ROM. We then utilize the on-line step of APOD
methodology (whose individual steps are presented in the
previous subsection and illustrated in Figure 1) to periodically

update the ROM using the closed-loop periodic (partial)
snapshots, reconstructed online using gappy reconstruction
procedure. The updated ROM along with continuous point
measurements is then used to update the nonlinear static
output feedback controllers and stabilize the closed loop
system. The specific form and the stability aspects of the
designed controller are discussed in the following section.

Nonlinear Static Output Feedback Control

In this section, we utilize the ~w dimensional ROM of Eq.
20 to design nonlinear static output feedback controllers for
the PDE system of the form given in Eqs. 1–3. In our previ-
ous results,20,21 we designed state feedback and output feed-
back controllers for PDE systems based on continuous &
periodic availability of full state measurements of the pro-
cess. The availability of such full state measurements, even
periodically, is usually restricted in practice due to high
costs and reliability issues associated with these sensors. In
this work we avoid this limitation by assuming the availabil-
ity of partial snapshots, yr, periodically. These periodic
measurements are used for the state reconstruction and
recursive update of ROM. We consider the synthesis of
static output feedback controllers of the following form

u ¼ að~xsÞ (22)

where a(�) is a smooth vector function and ~xs are the estimates
of the states of the ROM Eq. 20. The above controller
designed using the continuous point measurements, ym,
consists of two parts: (1) a Lyapunov- based state feedback
controller25 and (2) a state observer. Using the limited number
of continuous point measurements, we design a static observer
to estimate the states, ~xs. The following assumption is needed
in the design of the static observer.

Assumption 3 The number of available point measure-
ments, p, is equal to or greater than the dimension of sub-
space Hs, i.e. p � ~w, and the inverse of the operator Sm,
S?
m , exists, so that ~xs ¼ S?

mym.
The existence of inverse of matrix Sm depends on the

location and shape of the measurement sensors; this amounts
to properly choosing sm(z) in Eq. 1. Based on assumption 2,
we can then use subspace P to approximate S?

m . When the
finite-dimensional space, P, is expressed using the empirical

Figure 2. Block diagram of closed loop structure when
using APOD.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 1. Flow chart of adaptive proper orthogonal
decomposition methodology.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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basis functions as basis functions the operator S?
m becomes a

matrix and is given by

S?
m ¼ ðST

mSmÞ�1ST
m (23)

During the operation of the above controller, we use data
alone from the point measurement sensors to identify the
state. Consequently, the sensor shape distribution function,
sm(z), is independent of time and is given by
smiðzÞ ¼ dðz� ziÞ, where zi is the location of ith sensor. The
specific form and the stability aspects of the designed con-
troller are discussed in the following lemma.

Lemma 1 Consider the parabolic PDE system in Eq. 7,
for which assumptions 1,2, and 3 hold. Also consider the
nonlinear output feedback controller that is designed based
on Eq. 20

u ¼ �kð~xs; c0ÞLBs
V ~wð~xsÞ (24)

where

kð~xs; c0Þ ¼ co þ LFs V ~wð~xsÞþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðLFs V ~wð~xsÞÞ2þðLBs V ~wð~xsÞÞÞ4

p
ðLBs V ~wð~xsÞÞ2 ; LBs

V~wð~xsÞ 6¼ 0

co ; LBs
V~wð~xsÞ ¼ 0

 !

~xs ¼ S?
mym, Fs ¼ A~xs þ fsð~xs; 0Þ, LFs

V~w ¼ @V~w

@~xs
Fs, LBs

V~w ¼
@V~w

@~xs
Bs, V ~wð~xsðtiÞÞ ¼ f

2
~xsðtiÞT~xsðtiÞ, where f is a periodically

updated used-defined parameter. Then the controller in Eq. 24
asymptotically stabilizes the system in Eq. 7.

Proof. Initially, we use Lyapunov arguments to prove
that the closed-loop system of Eq. 20 is asymptotically sta-
ble. We then utilize multiple Lyapunov function analysis
(from hybrid systems theory) to show that the systems
remains stable during the periodic updates of the ROM.
The above two parts are then synthesized together in part 3
to establish the asymptotic stability of the closed-loop sys-
tem of Eq. 7.

Part-1: (Closed loop stability of system of Eq. 7, between
ROM revisions)

Consider system in Eq. 20 of dimension ~w for which
assumption 3 holds. Evaluating the time-derivative of the
Lyapunov function candidate

V~wð~xsðtÞÞ ¼
f
2
~xsðtÞT~xsðtÞ (25)

along the trajectories of the system, we obtain

_V~w ¼ LFs
V~wð~xsðtÞÞ þ LBs

V~wð~xsðtÞÞu (26)

where ~xs ¼ S?
mym ¼ S?

mSmðxs þ xf Þ ¼ xs and f is an appro-
priately chosen positive number (discussed later). Substituting
the controller in Eq. 24 into the above equation yields, after
some algebraic manipulations.

_V ~wð~xsðtÞÞ ¼ �c0ðLBs
V~wð~xsðtÞÞÞ2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðLFs

V~wð~xsðtÞÞÞ2 þ ðLBs
V~wð~xsðtÞÞÞ4

q
ð27Þ

From the above equation, it is clear that _V~wð~xsÞ\0.
Therefore, given an initial condition j~xsð0Þj\ds, the closed-
loop system of Eq. 20 is asymptotically stable under the con-
troller of Eq. 24 [Theorem 4.1].26

Substituting the controller in Eq. 24 into Eq. 19, the
closed-loop PDE system of Eq. 7 can be written in the fol-
lowing form

dxs
dt ¼ Asðxs; xf Þ � Bskð~xs; c0ÞLBs

V~wð~xsÞ þ fsðxs; xf Þ
@xf
@t

¼ Af ðxs; xf Þ � Bf kð~xs; c0ÞLBs
V~wð~xsÞ þ ff ðxs; xf Þ

(28)

Using assumption 1 the above system can be expressed in
the following singular-perturbation form

dxs
dt ¼ Asðxs; xf Þ � Bskð~xs; c0ÞLBs

V~wð~xsÞ þ fsðxs; xf Þ

es
@xf
@t

¼ esAf ðxs; xf Þ þ esf �f ðxs; xf Þ
(29)

where es is a small number quantifying the separation between
the dominant and nondominant eigenmodes of the spatial
operator and f* is defined as f �f ðxs; xf Þ ¼ �Bf kð~xs; c0Þ
LBs

V~wð~xsÞ þ ff ðxs; xf Þ. By the construction of the controller
in Eq. 24 the term f�f (xs, xf) does not contain terms of the form
O(1/es).

Then, introducing the fast time-scale s ¼ t/es and setting
es ¼ 0, we obtain the following infinite-dimensional fast sub-
system from the above equation.

@xf
@s

¼ Af es xf (30)

where Af es ¼ esAf . Note that Af es is of order O(1) and the
above system is locally exponentially stable by construction of
system in Eq. 19 and assumption 2. Consequently after a
period of time, tf, during which the fast dynamics relax to zero,
we may assume xf ¼ 0.9 The closed-loop PDE system in Eq.
29 then reduces to the finite-dimensional slow system of
Eq. 20, which was already proven to be asymptotically stable.

Part-2: (Stability of hybrid system)
In general, during the closed-loop process evolution, the

periodic updates of ROM using APOD alters the underlying

dominant subspace P. As a result, the Lyapunov function V ~w

and the controller in Eq. 24 are redesigned based on the

updated ROM. Consequently, the stability aspects of the

closed-loop system needs to be assessed using hybrid sys-

tems theory. To this end multiple Lyapunov functions are

introduced of the same general form of 25. Under the

assumption of finite number of ROM updates and finite time

interval between ROM updates the following additional

restriction on the Lyapunov functions guarantees the

switched system to be Lyapunov stable [Theorem 3.2]27

V ~w1
ð~xsðtiÞÞ\V ~w2

ð~xsðti�1ÞÞ (31)

where i [ 1 and V~w1
ð~xsðtiÞÞ corresponds to the value of the

Lyapunov function at the beginning of the interval i for which
the ROM is of dimension ~w1.

Part-3: (Combined analysis)
The above condition is directly enforced in the APOD

methodology during the ROM updates through the appropri-
ate choice of f and e and the periodic update of f value so
that inequality Eq. 31 remains valid. This update can be
automatically enforced. Thus, using the above condition
under assumption 2 and the fact that the closed-loop system
in Eq. 29 is asymptotically stable, we can conclude that the
designed controller in Eq. 24 asymptotically stabilizes the
system in Eq. 7. This concludes the proof.

Remark 5 The presented APOD methodology can be very
useful when optimization based controllers are considered
(e.g., MPC). This is because an APOD based ROM implies
that in the dynamic optimization formulation fewer ODE
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constraints will be present, while the accuracy of the
reduced problem compared to the original one will remain
largely unaffected. The design of such control structures is
being currently investigated by the authors.

Remark 6 The proposed control structure has a number
of tuning variables, some that are implicit (and are explicitly
connected with the ROM) and others that are explicit, such
as c0 and f. As discussed in the proof the value of f needs
be chosen appropriately during dimensionality changes of
the ROM. In general, higher values of f lead to more
aggressive control action. A possible strategy is to automati-
cally adjust f ¼ ðe=100Þð~xsðti � 1ÞT~xsðti � 1ÞÞ=ð~xsðtiÞT~xsðtiÞÞ
in order to retain an aggressive controller throughout the
process operation. The strategy we used in the current work
was to initialize f at value 1 and reevaluate it only when
constraint 31 was violated based on the aforementioned
formula.

Kuramoto-Sivashinsky Equation

In this section, we illustrate the ability of the proposed
output feedback controller in stabilizing the Kuramoto-Siva-
shinsky equation (KSE) using partial periodic measurements.
KSE can adequately describe incipient instabilities arising in
a variety of physio-chemical systems including falling liquid
films,28 unstable flame fronts, interfacial instabilities between
two viscous fluids. Numerical studies29 on the dynamics of
KSE with periodic boundary conditions have revealed the
existence of steady and periodic wave solutions, as well as
chaotic behavior for very small values of m.

We consider the integrated form of the controlled Kura-
moto-Sivashinsky equation

@x

@t
¼ �m

@4x

@z4
� @2x

@z2
� x

@x

@z
þ
Xl
i¼1

biuiðtÞ (32)

subject to the periodic boundary conditions

@jx

@zj
ð�p; tÞ ¼ @jx

@zj
ðp; tÞ; j ¼ 0;…; 3 (33)

and the initial condition

xðz; 0Þ ¼ x0ðzÞ (34)

where the state of the system x belongs to a Sobolev W4; 2
space (i.e., x 2 Hð½�p;p�;RÞ of functions that are sufficiently
smooth to be differentiable 4 times), z is the spatial coordinate,
t is the time and ui(t) is the ith manipulated input. The spatial
differential operator of system of Eq. 7, for this problem is of
the form

AðxÞ ¼ �m @
4x

@z4 � @2x
@z2 � x @x

@z

x 2 Hð½�p; p�;RÞ; @
jx

@zj
ð�pÞ ¼ @jx

@zj
ðpÞ; j ¼ 0;…; 3

n o (35)

where the length of the spatial domain is 2p and the diffusion
parameter in Eq. 32 is set as m ¼ 0.25. Six control actuators
were assumed to be available at the following locations L ¼
[p/4, p/5, p/2, �p/2, �p/6, �p/4]; the corresponding spatial
distribution functions at these locations are bi(z) ¼ d(z � Li);
i ¼ 1,…,6. Continuous point measurements were assumed to
be available from 10 point measurement sensors placed
uniformly across the domain of the process (�p, p). The
sensor shape distribution function, sm(z), for all time t, at these

respective positions is smiðzÞ ¼ dðz� ziÞ; i ¼ 1;…; 10, where
zi is the location of ith sensor. In all the simulation runs, the
following spatially nonuniform initial condition is considered

x0 ¼ 3 sinðzÞ � cosð2zÞ � sinð5zÞ þ 2 cosð5zÞ

Figure 3, presents the traveling wave pattern observed in
the open-loop evolution of KSE wherein we observe the for-
mation of persistent waves. Thus, the control objective is set
to stabilize the process at the spatially uniform steady state
x(z, t) ¼ 0.

Case 1: complete off-line snapshots

We assume that the snapshots that were collected off-line
(to initially construct the basis functions) are complete with-
out any missing spatial information. The online process
measurements were however assumed to be available only
from 10 point measurement sensors. The corresponding sen-
sor shape distribution functions at these 10 locations are
expressed as sm ¼ sr ¼ d (z � zi); i ¼ 1,…,10. We then
utilized these point measurements in gappy reconstruction
procedure for the online reconstruction of process states. As
discussed in section, gappy reconstruction procedure assumes
that the new snapshot to be reconstructed can be character-
ized by using the existing basis functions computed through
off-line snapshots. To this end, we constructed an off-line
representative ensemble of snapshots by exciting the system
Eq. 32 using different variations in the input u(t) profile.12,30

Application of POD to this ensemble resulted in w ¼ 8
global basis functions that captured 99% of the energy of the
ensemble. These basis functions were further used to

Figure 3. (a) Open-loop profile of the state of Eq. 32
with m 5 0.25; (b) closed-loop profile of the
state of Eq. 32.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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compute the global ROM (section). The computed global
ROM captured the entire closed-loop process dynamics, thus
ensuring an accurate online gappy reconstruction of process
states.

However, the computed ROM tended to be of higher
dimensionality; consequently the design of controller using
such global ROM is computationally expensive. To demon-
strate an alternative procedure, we used the computed
global ROM only for online state reconstruction. In con-
trast, the controller was designed using a low-dimensional
local ROM that was valid over a local operational region.
Then, we periodically updated the local ROM using APOD,
thus re-establishing ROM validity over the current opera-
tional space.

To design the controller, an initial ensemble of 100 open-
loop snapshots (M ¼ 100) was collected by simulating the
process with u(t) : 0 till t ¼ 2. Application of APOD to
this ensemble resulted in ~w ¼ 3 basis functions that captured
99% of the energy of the ensemble. These basis functions
were then used in the computation of the local ROM (Eq.
20) for the above process. Based on this ROM, an output
feedback controller of Eq. 24 was subsequently designed, to
achieve the desired control objective. We assume that partial
closed-loop state information becomes available every dt ¼
0.25. The recursive check of the local ROM validity and
consequently the task of online reconstruction of the snap-
shots was undertook at a period of every dt ¼ 0.25. The

parameter f in Eq. 25 was set to be f ¼ 1 initially. The per-
centage error for snapshot reconstruction was computed as

epercent ¼
jjvNþ1 � ~vNþ1jj2

jjvNþ1jj2
100 (36)

while the absolute error was computed as follows

eabsolute ¼ jjvNþ1 � ~vNþ1jj2 (37)

where vNþ1 is the online snapshot that needs to be
reconstructed and ~vNþ1 is the gappy reconstructed snapshot
(see Eq. 8).

Figure 3b presents the closed-loop evolution profile of
KSE under the designed controller. The controller success-
fully stabilized the process at the desired operating point of
x(z, t) ¼ 0. The control action used for achieving this result
is presented in Figure 4a. We observe that the control action
is a smooth function of time which converges to zero at the
end of the successful closed-loop process operation. Figure
4b presents the temporal profile of the Lyapunov function
V ~wðtÞ. As the designed controller successfully stabilizes the
process the Lyapunov function converges uniformly to zero.
Figure 5a presents both the percentage error and the absolute
error in on-line state reconstruction from 10 point sensors
using gappy reconstruction procedure. We note that both the

Figure 4. (a) Temporal profile of the control action, u(t).
(b) Temporal profile of the Lyapunov function,
V(t). (e 5 0.99).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 5. (a) Temporal profile of the state reconstruc-
tion error using gappy reconstruction; (b)
temporal profile of dimensionality of the local
ROM of Eq. 32 (e 5 0.99).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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percentage error and the absolute error stay within 3% and
reach zero as the control objective is achieved. Note that the
spike in the percentage error observed at t ¼ 11 corresponds
to a small change in the absolute error and is due to a sys-
tem response to an increase in the control action (Figure 4a)
caused because the dimensionality of the ROM changes as
determined by APOD.

The change in the dimensionality of the local ROM is pre-
sented in Figure 5b. Note that the dimensionality of a global
ROM computed using POD remains at 8; in contrast, the

dimensionality of a local ROM starts at 3 and increases to 5
for a brief time and then becomes 3 again. Using a local
ROM considerably reduced the computational effort, while
designing ROM based controllers that stabilized the process.
This observed improvement will be more prominent during
the implementation of APOD on a large scale process. We
also note that it was not necessary to change the value of f,
which remained constant at f ¼ 1 throughout the simulation.

To present the importance of APOD in updating the local
ROM, we now switch off the APOD and implement the con-
troller that was designed based on the local ROM with a cor-
responding dimensionality ~w ¼ 3. As the validity of the local
ROM was restricted to a small region of the operational
space and the closed-loop process traversed through a differ-
ent region of the state space, the local ROM failed to
describe the process. The corresponding closed-loop profile
L2 norm and the state is presented in Figures 6a, b, respec-
tively. It is evident that the controller failed to achieve the
necessary control objective.

Figure 6. (a) L2 norm of the closed-loop profile of Eq.
32 without APOD; (b) closed-loop profile of
state of Eq. 32 without APOD (e 5 0.99).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 7. Pattern of missing data due to scheduling of
sensors.

Figure 8. (a) Contour plot of the evolution of KSE from
t 5 0 to t 5 2.5 with 20% data missing per
snapshot; (b) contour plot after 1st iteration
using gappy reconstruction procedure (c)
Contour plot after 30th iteration.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Case 2: partial off-line snapshots

In case 2, we assume that the snapshots that were col-
lected off-line (for construction of POD basis functions)
were incomplete, i.e., there are regions where information
was unavailable. A typical pattern used for the incomplete
data is presented in Figure 7. Note that there was no particu-
lar spatial subregion of the domain that remained unobserv-
able for all times. In the presented simulations, at any time
instant 20% of the data in each snapshot was missing.

First we utilized the iterative gappy reconstruction proce-
dure to ‘‘fill’’ in the incomplete data. The different stages
involved in using this reconstruction procedure are presented
in Figure 8a by using open-loop contour plots. Initially, we
‘‘replaced’’ the gaps in all the snapshots using a spline inter-
polation. Then we utilized this new ensemble as a first guess
to construct an approximate POD basis. As discussed in
remark 2, we note that a POD basis was constructed to cap-
ture 99% energy of the off-line ensemble during the initial
iterations (l \ 5) and for the rest of iterations an higher
energy of 99.99% was used. Figure 8b presents the approxi-
mation of the ensemble at the end of the first iteration and
Figure 8c presents the approximation of the ensemble at the
end of the 30th iteration. We note that as we increase the
number of iterations the ensemble matches close to the origi-
nal ensemble with no missing data. We note that a similar
reconstruction procedure was performed on the (global) en-
semble.

After the reconstruction of the off-line ensemble, we
followed the proposed procedure elucidated the methodology
section. We initially derived the global ROM for the online
reconstruction of snapshots and subsequently we derived a
local ROM for the efficient design of online feedback con-
trollers. As in the previous case, we collected an initial en-
semble of 100 open-loop snapshots by simulating the process
with u(t) : 0 till t ¼ 2.5 and utilized APOD to compute a
ROM using a 99% energy criterion. A local ROM was then
derived using these basis functions and was utilized to
design an output feedback controller of Eq. 24, setting f ¼ 1
initially. The periodic update of local ROM and conse-
quently the online reconstruction of the snapshot was pur-
sued at a period of every dt ¼ 0.25.

Figure 9a presents the closed-loop evolution profile of
KSE. We note that the controller successfully stabilized the
process at the desired operating point of x(z, t) ¼ 0. The
control action used for achieving this result is presented in
Figure 9b. Similar to the previous case, we observe that the
control action smoothly converges to zero at the end of
closed-loop process operation. Figures 10a, b present the
temporal profile of the L2 norm of the system and the Lya-
punov function V~wðtÞ, respectively. Both the L2 norm and
Lyapunov function converge uniformly to zero, even though
there is a increase in the dimensionality of the ROM at t �
8, thus indicating the successful closed-loop operation.

Figure 9. (a) Closed-loop profile of the state of Eq. 32;
(b) temporal profile of the control actuation,
u(t) (e 5 0.99).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 10. (a) L2 norm of the closed-loop profile of Eq.
32; (b) temporal profile of the Lyapunov
function, V(t) (e 5 0.99).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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Figure 11a presents both the percentage error and the abso-
lute error in on-line state reconstruction from snapshots with
20% incomplete data. The oscillation observed in the per-
centage error is due to the discontinuities that arise as the
boundary points between the missing data and available data
changes as presented in Figure 7. We note that both the per-
centage error and the absolute error stay within 1.2%. The
change in the dimensionality of the local ROM is presented
in Figure 11b. The global ROM that would capture all the
closed-loop process characteristics would require the dimen-
sionality of 8 to capture 99% of the energy of the global en-
semble. In contrast, the dimensionality of the local ROM
started at ~w ¼ 3 and increased to 5 at t � 8 and then
reduced to a dimensionality of 3 at the end of process opera-
tion. Thus, the use of local ROM significantly reduced the
computational effort in the implementation of the online
controller. We also note that it was not necessary to change
the value of f, which remained constant at f ¼ 1 throughout
the simulation.

To further illustrate the applicability of the methodology,
we also investigated different values of the instability
parameter m. A graph presenting the order of the system for
different values of the diffusion parameter (m) is presented in
Figure 12a and corresponding closed loop L2 norm is
presented in Figure 12b. For each of the different diffusion
parameters used, the controller successfully stabilized the

system. This implies that the control design methodology is
successful in designing controllers that stabilize the KSE in-
dependently of the process parameters.

An important question that may arise is how would Gappy
APOD compare to standard APOD and if a significant com-
putational cost is incurred. Figure 13 compares the computa-
tional effort of Gappy APOD as a function of time and it is
compared to regular APOD (assuming full data availability).
We observe that the additional burden due to gappy recon-
struction is relatively small. This implies that the online
Gappy reconstruction procedure is fast. Since we have previ-
ously shown the significant computational savings of APOD
compared to recursively using standard POD,20 we maintain
that the computational burden of the proposed controller
design remains small.

To test the effectiveness of the methodology under signifi-
cant parametric uncertainty, we assumed a 40% uncertainty

Figure 11. (a) Temporal profile of the state reconstruc-
tion error using gappy reconstruction; (b)
temporal profile of dimensionality of the
local ROM of Eq. 32 (e 5 0.99).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 12. (a) Order of system for different instability
parameters; (b) closed loop L2 norm of the
system for different instability parameters
(e 5 0.99).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 13. Computational effort of Gappy APOD
and regular APOD as a function of time
(e 5 0.99).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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in the diffusion parameter, m in Eqs. 32 and 33. The nominal
values of the parameters used were described in the above
test cases. The output feedback controller however was
designed using a ROM with m ¼ 0.35 instead of using a
nominal value of m ¼ 0.25. The designed controller in Eq.
24 successfully stabilized the process and no significant dif-
ference was observed in the way it stabilizes the plant as
compared to the above results of case 2. To further test the
robustness of the approach, we computed the local ROM

using the value of 90% for the energy criterion (e ¼ 0.9). Fig-
ures 14a, b present the temporal profile of L2 norm and the
Lyapunov function of the closed-loop system under the action
of the designed controller in Eq. 24, respectively. We note
that after the observed initial convergence the L2 norm starts
to increase at t � 2 as the local ROM (due to low dimension-
ality) failed to capture the new closed-loop trends. This is due
to the small chosen value of the energy criterion e. However,
APOD detected these non-captured new trends and automati-
cally increased the dimensionality of the local ROM at t � 3.
Figure 14c presents this change in the dimensionality of the
local ROM. Note that since the evolution of V in Figure 14b
satisfied the hybrid stability requirements of Eq. 31 in lemma
1 it is, thus, implied that the process was always closed-loop
stable. Subsequently, the controller designed using this local
ROM (with increased dimensionality) stabilized the process at
x(z, t) ¼ 0. Note that f was set to be f ¼ 1 in the beginning
of the simulation and it was not necessary to update its value
during the process evolution. Thus, even though the error
increased due to poorly chosen tunable parameter values, the
proposed methodology was robust in stabilizing the process at
the desired steady-state.

Conclusions

We presented a methodology for the efficient design of
output feedback controllers for spatially distributed processes
that are mathematically modeled by HDPDEs. This method-
ology which we coin Gappy APOD is specifically tailored to
address important questions that arise when only partial in-
formation of the state profile is available. Initially, the partial
states were reconstructed using gappy iteration procedure.
These reconstructed measurements were then utilized for
derivation and update of ROMs using APOD methodology.
The efficient recursive ROM updates by APOD allowed us
to use low-dimensional models while designing controllers,
thus resulting in computational savings. The proposed meth-
odology was illustrated on the Kuramoto-Sivashinsky equa-
tion, where the controller successfully stabilized the system
at an open-loop unstable steady state.
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